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Abstract. Ramanujan’s differential equations for the classical Eisenstein se-

ries are of great importance to many areas in number theory and special func-

tions. H.H. Chan recently demonstrated that these differential equations can
be derived from the triple product identity and the quintuple product identity

in an elementary manner. In this article, we extend this method in a uniform

manner to derive corresponding differential equations for the Eisenstein series
of level 2. Several applications of these differential equations are also given.

1. Introduction

For |x| < 1 and non-negative integers r and s, S. Ramanujan [23] defined

Φr,s :=
∞∑

m,n=1

mrnsxmn, (1.1)

and

P := P (x) = 1− 24Φ0,1 = 1− 24
∞∑
n=1

nxn

1− xn
, (1.2a)

Q := Q(x) = 1 + 240Φ0,3 = 1 + 240
∞∑
n=1

n3xn

1− xn
, (1.2b)

R := R(x) = 1− 504Φ0,5 = 1− 504
∞∑
n=1

n5xn

1− xn
. (1.2c)

P,Q and R are the classical (normalized) Eisenstein series of weight 2, 4 and 6
respectively. Using the following pair of trigonometric identities(

1
4

cot
u

2
+
∞∑
n=1

xn

1− xn
sinnu

)2

=
(

1
4

cot
u

2

)2

+
∞∑
n=1

xn

(1− xn)2
cosnu+

1
2

∞∑
n=1

nxn

1− xn
(1− cosnu) (1.3a)
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and

(
1
8

cot2
u

2
+

1
12

∞∑
n=1

nxn

1− xn
(1− cosnu)

)2

=
(

1
8

cot2
u

2
+

1
12

)2

+
1
12

∞∑
n=1

n3xn

1− xn
(5 + cosnu), (1.3b)

Ramanujan derived many relations between Φr,s and P,Q and R. In particular, he
proved the following differential equations

x
dP
dx

=
P 2 −Q

12
, (1.4a)

x
dQ
dx

=
PQ−R

3
, (1.4b)

x
dR
dx

=
PR−Q2

2
. (1.4c)

Remark. The left hand side of (1.3a) is essentially the square of the logarithmic
derivative of the Jacobi theta function θ1 (see Section 2 and equation (2.6a)). This
identity was later generalized by K. Venkatachaliengar [27, p. 1-13] to one involving
two variables. The second trigonometric identity (1.3b) is equivalent to a differential
equation satisfied by the Weierstrass ℘-function [28, p. 450]. Finally, an exposition
of Ramanujan’s method can be found in [2, Chpt. 4].

V. Ramamani [21, p. 82-123],[22] extended Ramanujan’s method by defining

Ψr,s :=
∞∑

m,n=1

(−1)n−1mrnsxmn, (1.5)

Fr,s :=
∞∑

m,n=1

(2m− 1)rnsx(2m−1)n/2 (1.6)

and proving a third trigonometric identity

(
1
4

cot
u

2
+
∞∑
n=1

xn

1− xn
sinnu

)3

=
(

1
4

cot
u

2

)3

− 3
2

∞∑
n=1

xn

(1− xn)3
sinnu+

3
4

∞∑
n=1

(n+ 1)xn

(1− xn)2
sinnu

− 1
16

∞∑
n=1

(2n2 + 1)xn

1− xn
sinnu+

3
8

cot
u

2

∞∑
n=1

nxn

1− xn

+
3
2

( ∞∑
n=1

xn

1− xn
sinnu

)( ∞∑
n=1

nxn

1− xn

)
. (1.7)
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She (see also [13]) used these to prove two families of differential equations in-
volving Eisenstein series, one of which is the following

x
dE
dx

=
EP −Q

2
, (1.8a)

x
dP
dx

=
P2 −Q

4
, (1.8b)

x
dQ
dx

= PQ− EQ, (1.8c)

where

E := E(x) = 1 + 24Ψ1,0 = 1 + 24
∞∑
n=1

nxn

1 + xn
, (1.9a)

P := P(x) = 1 + 8Ψ0,1 = 1 + 8
∞∑
n=1

(−1)n−1nxn

1− xn
, (1.9b)

Q := Q(x) = 1− 16Ψ0,3 = 1− 16
∞∑
n=1

(−1)n−1n3xn

1− xn
. (1.9c)

Subsequently, T. Huber [15, Th. 4.2.1] found a fourth family of differential
equations using similar methods. In hindsight, we know that these four families are
collectively the Eisenstein series of level 2 [17, p. 131]. If we let q = e2πiτ for some
variable τ in the complex upper half plane, then E is a weight 2 modular form on
Γ0(2). (See [3, Lemma 3.3] for a proof.) P and Q are the Eisenstein series of weight
2 and 4, associated with Γ0(2), although P is quasi-modular. H. Hahn [13] and R.S.
Maier [20] have given proofs of equations (1.8) using the theory of modular forms.

Recently, H.H. Chan [5] showed that Ramanujan’s original differential equations
(1.4) can be derived from series expansions of θ1(z) and θ1(2z)/θ1(z). The two
identities that Chan used are direct consequences of the Jacobi triple product iden-
tity [2, p. 10] and the quintuple product identity [2, p. 18]. Working in terms of
Jacobi theta functions has the distinct advantage that there are four natural theta
functions! Indeed, the four theta functions correspond exactly to the four families
of Eisenstein series of level 2. (See (2.7).) In this article, we will extend Chan’s
method to give a uniform proof of the results of Ramamani and Huber.

For |q| < 1 and k > 0, define

E1,2k := E1,2k(q) = 1− 4k
B2k

∞∑
n=1

n2k−1q2n

1− q2n
, (1.10a)

E2,2k := E2,2k(q) = 1− 4k
B2k(22k − 1)

∞∑
n=1

(−1)nn2k−1q2n

1− q2n
, (1.10b)

E3,2k := E3,2k(q) = − 4k
B2k(22k − 1)

∞∑
n=1

(−1)nn2k−1qn

1− q2n
, (1.10c)

E4,2k := E4,2k(q) = − 4k
B2k(22k − 1)

∞∑
n=1

n2k−1qn

1− q2n
, (1.10d)
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where Bk is the Bernoulli number defined by the generating function

t

et−1
=
∞∑
k=0

Bk
tk

k!
. (1.11)

These are the four families of Eisenstein series of level 2 with weight 2k. (They
correspond to G(0,0)

2k , G(0,1)
2k , G(1,1)

2k and G(1,0)
2k in the notation of [17, p. 131].) Note

that in order to avoid fractional powers, we have followed the classical notation and
replaced x by q2. Thus, in our definition,

E1,2(q) = P (x), E1,4(q) = Q(x), E1,6(q) = R(x),

E2,2(q) = P(x), E2,4(q) = Q(x).

All of the weight 2 Eisenstein series are not modular forms. However, in the case
of j = 2, 3 and 4, we can define a ‘corrected’ series as follows,

fj := fj(q) =
3Ej,2 − E1,2

2
. (1.12)

We then have f2(q) = E(x), after some series rearrangement.
The main results of this article are the following.

Theorem 1.1. For j = 2, 3 or 4, we have

q
dfj
dq

= fjEj,2 − Ej,4, (1.13a)

q
dEj,2

dq
=
E2
j,2 − Ej,4

2
, (1.13b)

q
dEj,4

dq
= 2 (Ej,2Ej,4 − Ej,6) . (1.13c)

Theorem 1.2. For j = 2, 3 or 4, we have

Ej,6 = fjEj,4. (1.14)

Remark. For j = 2, Theorem 1.2 implies that equations (1.13) are equivalent to
(1.8). The cases j = 2 and 4 were proved by Ramamani [21, 22] while the case
j = 3 was proved by Huber [15, Th. 4.2.1].

2. Proofs of results

In this section, we give the definitions of several families of theta series that
are required for the proof of Theorems 1.1 and 1.2. For |q| < 1, the Jacobi theta
functions [28, p. 464] are

θ1(z) := θ1(z|q2) = 2
∞∑
k=0

(−1)kq(2k+1)2/4 sin((2k + 1)z), (2.1a)

θ2(z) := θ2(z|q2) = 2
∞∑
k=0

q(2k+1)2/4 cos((2k + 1)z), (2.1b)

θ3(z) := θ3(z|q2) = 1 + 2
∞∑
k=1

qk
2

cos(2kz), (2.1c)

θ4(z) := θ4(z|q2) = 1 + 2
∞∑
k=1

(−1)kqk
2

cos(2kz). (2.1d)
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If we expand the first equation as a series in z and interchange the order of sum-
mation, we get

θ1(z) =
∞∑
k=1

(−1)k−1z2k−1

(2k − 1)!

(
2
∞∑
n=0

(−1)n(2n+ 1)2k−1q(2n+1)2/4

)
. (2.2)

This can be done for the other three equations, leading to

θ1(z) =
∞∑
k=1

(−1)k−1z2k−1

(2k − 1)!
S1,2k−1 , (2.3a)

θj(z) =
∞∑
k=0

(−1)kz2k

(2k)!
Sj,2k , j = 2, 3, 4, (2.3b)

where Sj,k for non-negative integers j and k are defined by

S1,2k−1 := 2
∞∑
n=0

(−1)n(2n+ 1)2k−1q(2n+1)2/4, (2.4a)

S2,2k := 2
∞∑
n=0

(2n+ 1)2kq(2n+1)2/4, (2.4b)

S3,0 := 1 + 2
∞∑
n=1

qn
2
, S3,2k := 2

∞∑
n=1

(2n)2kqn
2
, (2.4c)

S4,0 := 1 + 2
∞∑
n=1

(−1)nqn
2
, S4,2k := 2

∞∑
n=1

(−1)n(2n)2kqn
2
. (2.4d)

For these Sj,k, we observe that

4q
dSj,k

dq
= Sj,k+2. (2.5)

Next, we take the logarithmic derivative of the Jacobi theta functions [28, p.
489].

θ′1
θ1

(z) = cot z + 4
∞∑
n=1

q2n

1− q2n
sin(2nz), (2.6a)

θ′2
θ2

(z) = − tan z + 4
∞∑
n=1

(−1)nq2n

1− q2n
sin(2nz), (2.6b)

θ′3
θ3

(z) = 4
∞∑
n=1

(−1)nqn

1− q2n
sin(2nz), (2.6c)

θ′4
θ4

(z) = 4
∞∑
n=1

qn

1− q2n
sin(2nz), (2.6d)
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where the notation θ′j denotes the derivative with respect to z. We again expand
these series in terms of z and interchange summation to obtain

θ′1
θ1

(z) =
1
z

+
∞∑
k=1

(−1)k22kB2k

(2k)!
E1,2kz

2k−1, (2.7a)

θ′j
θj

(z) =
∞∑
k=1

(−1)k22k(22k − 1)B2k

(2k)!
Ej,2kz

2k−1, j = 2, 3, 4. (2.7b)

We now define the third order analogues of Sj,k by

T1,2k :=
∞∑

n=−∞
(−1)n(6n+ 1)2kq(6n+1)2/12, (2.8a)

T2,2k−1 :=
∞∑

n=−∞
(6n+ 1)2k−1q(6n+1)2/12, (2.8b)

T3,2k−1 :=
∞∑

n=−∞
(6n+ 2)2k−1q(6n+2)2/12, (2.8c)

T4,2k−1 :=
∞∑

n=−∞
(−1)n(6n+ 2)2k−1q(6n+2)2/12. (2.8d)

One can check that Tj,k defined above satisfies

12q
dTj,k

dq
= Tj,k+2. (2.9)

These Tj,k arise from the series expansions of a product of three distinct Jacobi
theta functions.

Theorem 2.1. There holds

θ2(z)θ3(z)θ4(z) = K(q)
∞∑

n=−∞
(−1)nq(6n+1)2/12 cos((6n+ 1)z), (2.10a)

θ1(z)θ3(z)θ4(z) = K(q)
∞∑

n=−∞
q(6n+1)2/12 sin((6n+ 1)z), (2.10b)

θ1(z)θ2(z)θ4(z) = K(q)
∞∑

n=−∞
q(6n+2)2/12 sin((6n+ 2)z), (2.10c)

θ1(z)θ2(z)θ3(z) = K(q)
∞∑

n=−∞
(−1)nq(6n+2)2/12 sin((6n+ 2)z), (2.10d)

where the normalizing constant

K(q) = 2q1/6
∞∏
n=1

(1− q2n)2. (2.11)

Equations (2.10) are four formulations of the BC1 Macdonald identity [19], [26,
Eq. (3.2), (3.13), (3.14) and (3.6) ]. They are equivalent forms of what is commonly
known as the quintuple product identity. All four appeared in [25] and (2.10a) was
studied in [18]. Using the technique of Carlitz and Subbarao [4], each of these
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identities can be proved in an elementary manner using the triple product identity.
A comprehensive survey of the quintuple product identity can be found in [7].

Let us now define Vj as

Vj :=
θ1(z)θ2(z)θ3(z)θ4(z)

θj(z)K(q)
. (2.12)

By expanding each Vj in z and switching the order of summation, we can obtain
the following expression in terms of Tj,k.

V1 =
∞∑
k=0

(−1)kz2k

(2k)!
T1,2k , (2.13a)

Vj =
∞∑
k=1

(−1)k−1z2k−1

(2k − 1)!
Tj,2k−1 , j = 2, 3, 4. (2.13b)

We also need the next lemma relating our four families of Eisenstein series.

Lemma 2.2. For all positive integers k > 0,

E1,2k = E2,2k + E3,2k + E4,2k.

Proof. It suffices to show that
∞∑
n=1

(−1)nn2k−1q2n

1− q2n
+
∞∑
n=1

(−1)nn2k−1qn

1− q2n
+
∞∑
n=1

n2k−1qn

1− q2n

=
∞∑
n=1

(2n)2k−1q4n

1− q4n
−
∞∑
n=1

(2n− 1)2k−1q4n−2

1− q4n−2
+
∞∑
n=1

2(2n)2k−1q2n

1− q4n

=
∞∑
n=1

2(2n)2k−1(q2n + q4n)
1− q4n

−
∞∑
n=1

(2n− 1)2k−1q4n−2

1− q4n−2
−
∞∑
n=1

(2n)2k−1q4n

1− q4n

=
∞∑
n=1

22kn2k−1q2n

1− q2n
−
∞∑
n=1

n2k−1q2n

1− q2n

= (22k − 1)
∞∑
n=1

n2k−1q2n

1− q2n
. �

We record the following corollary although we do not need it for our purposes.
We refer the reader to [14, p. 330] or [15, Cor. 4.1.1] for the connection between
the functions fj and the invariants of the Weierstrass ℘-function.

Corollary 2.3.
f2 + f3 + f4 = 0. (2.14)

The next lemma is a reformulation of Ramanujan’s differential equations (1.4)
in terms of the variable q.

Lemma 2.4.

q
dE1,2

dq
=

1
6
(
E2

1,2 − E1,4

)
, (2.15a)

q
dE1,4

dq
=

2
3

(E1,2E1,4 − E1,6) , (2.15b)

q
dE1,6

dq
= E1,2E1,6 − E2

1,4. (2.15c)
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Chan [5] derived the above result from equations (2.3a), (2.7a) and (2.13a). We
shall now show that the counterparts of these three equations, namely (2.3b), (2.7b)
and (2.13b) are sufficient to prove our main results.

Proof of Theorem 1.1. Substituting (2.3b) into (2.7b), we obtain
∞∑
k=1

(−1)kz2k−1

(2k − 1)!
Sj,2k

=

( ∞∑
k=0

(−1)kz2k

(2k)!
Sj,2k

)( ∞∑
k=1

(−1)k22k(22k − 1)B2k

(2k)!
Ej,2kz

2k−1

)
.

Equating coefficients of z yields the following relation

Sj,2k =
k∑

m=1

(2k − 1)!22m(22m − 1)B2m

(2k − 2m)!(2m)!
Sj,2k−2mEj,2m. (2.16)

For k = 1, 2 and 3, we obtain

Sj,2 = Sj,0Ej,2, (2.17a)
Sj,4 = 3Sj,2Ej,2 − 2Sj,0Ej,4

= Sj,0
(
3E2

j,2 − 2Ej,4
)
, (2.17b)

Sj,6 = 5Sj,4E2,2 − 20Sj,2Ej,4 + 16Sj,0Ej,6

= Sj,0
(
15E3

j,2 − 30Ej,2Ej,4 + 16Ej,6
)
. (2.17c)

Applying 4q d
dq to equation (2.17a) gives us

Sj,4 = Sj,2Ej,2 + 4Sj,0

(
q

dEj,2
dq

)
. (2.18)

Comparing with equation (2.17b) proves equation (1.13b),

q
dEj,2

dq
=
E2
j,2 − Ej,4

2
.

Now we apply 4q d
dq to equation (2.17b) and together with equation (2.17c) deduce

equation (1.13c),

q
dEj,4

dq
= 2 (Ej,2Ej,4 − Ej,6) .

Next we let {j, r, s} denote some permutation of {2, 3, 4}. When we differentiate
Vj , we obtain

V ′j = Vj

(
θ′1
θ1

(z) +
θ′r
θr

(z) +
θ′s
θs

(z)
)
.

Using equation (2.13b) we get
∞∑
k=1

(−1)k−1z2k−2

(2k − 2)!
Tj,2k−1

=

( ∞∑
k=1

(−1)k−1z2k−1

(2k − 1)!
Tj,2k−1

)(
θ′1
θ1

(z) +
θ′r
θr

(z) +
θ′s
θs

(z)
)
.
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Making use of identities (2.7a) and (2.7b), and equating coefficients of z yields the
following relation

Tj,2k+1

=
1
2k

k∑
m=1

(2k + 1)!22mB2m

(2k − 2m+ 1)!(2m)!
Tj,2k−2m+1

(
E1,2m + (22m − 1)(Er,2m + Es,2m)

)
=

1
2k

k∑
m=1

(2k + 1)!22mB2m

(2k − 2m+ 1)!(2m)!
Tj,2k−2m+1

(
22mE1,2m − (22m − 1)Ej,2m

)
,

where Lemma 2.2 was used in the last step. We write out explicitly the identities
for k from 1 to 3 and simplify where necessary with equation (1.12) to get

Tj,3 = Tj,1(9Ej,2 − 8fj), (2.19a)

Tj,5 =
5
3
Tj,3(9Ej,2 − 8fj)−

2
3
Tj,1(16E1,4 − 15Ej,4)

=
1
3
Tj,1

(
5(9Ej,2 − 8fj)2 − 2(16E1,4 − 15Ej,4)

)
, (2.19b)

Tj,7 =
7
3
Tj,5(9Ej,2 − 8fj)−

28
9
Tj,3(16E1,4 − 15Ej,4) +

16
9
Tj,1(64E1,6 − 63Ej,6)

=
1
9
Tj,1

(
35(9Ej,2 − 8fj)3 − 42(9Ej,2 − 8fj)(16E1,4 − 15Ej,4)

+ 16(64E1,6 − 63Ej,6)
)
. (2.19c)

If we apply 12q d
dq to equation (2.19a) and compare with equation (2.19b), we have

the following identity

18
(

9q
dEj,2

dq
− 8q

dfj
dq

)
= (9Ej,2 − 8fj)2 − 16E1,4 + 15Ej,4. (2.20)

Since we already have an expression for q dEj,2
dq , we can simplify the above equation

if we are able to eliminate the E1,4 term. To do this, we apply 12q d
dq to equation

(1.12) and use Lemma 2.4 to obtain

12q
dfj
dq

= 9E2
j,2 − 9Ej,4 − E2

1,2 + E1,4

= 4fj(fj + E1,2)− 9Ej,4 + E1,4

= 12fjEj,2 − 4f2
j − 9Ej,4 + E1,4. (2.21)

(Equation (1.12) was used to simplify the last two steps.) Now eliminating E1,4 in
equations (2.20) and (2.21), we obtain our goal

q
dfj
dq

= fjEj,2 − Ej,4. �

Remark. Theorem 1.1 could also be proved by parameterizing each Eisenstein series
in terms of

Z = θ23(0) and X =
θ42(0)
θ43(0)

. (2.22)

Parameterizations for our four families and an additional twelve families of Eisen-
stein series can be found in [9].
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Proof of Theorem 1.2. If we substitute identity (1.13a) into equation (2.21), we
obtain the interesting identity

4f2
j = E1,4 + 3Ej,4. (2.23)

We now apply q d
dq to this identity and simplify with differential equations (1.13a),

(1.13c) and (2.15b). Then

8f2
j Ej,2 − 8fjEj,4 =

2
3

(E1,2E1,4 − E1,6) + 6(Ej,2Ej,4 − Ej,6). (2.24)

We simplify the above with identity (2.23) to get

2
3
E1,6 + 6Ej,6 = 8fjEj,4 −

2
3
E1,4(3Ej,2 − E1,2)

= 8fjEj,4 −
4
3
fjE1,4. (2.25)

We now have a relation between Ej,6 and fjEj,4. To obtain another relation, we
apply 12q d

dq to equation (2.19b) and compare it with equation (2.19c). After some
simplification, we arrive at the following intermediate step.

18q
d
dq

(16E1,4 − 15Ej,4) + 4(64E1,6 − 63Ej,6)

= (9Ej,2 − 8fj)
(

9(16E1,4 − 15Ej,4)− 5(9Ej,2 − 8fj)2 + 90
(

9q
dEj,2

dq
− 8q

dfj
dq

))
.

Next we use identity (2.20) to simplify the right hand side of the above to get

9q
d
dq

(16E1,4 − 15Ej,4)

= 2(9Ej,2 − 8fj)(16E1,4 − 15Ej,4)− 2(64E1,6 − 63Ej,6). (2.26)

Finally we use the differential equations (1.13c), (2.15b) and identity (1.12) to arrive
at

2E1,6 + 9Ej,6 = 15fjEj,4 − 4fjE1,4. (2.27)

Putting equations (2.25) and (2.27) together proves Theorem 1.2 �

3. Applications

We conclude this article with several applications. In [24, p. 369] Ramanujan
used his differential equations to prove two family of identities equivalent to

S1,2k+1 = q1/4
∞∏
r=1

(1− q2r)3
∑

2`+4m+6n=2k

α`,m,nE
`
1,2E

m
1,4E

n
1,6, (3.1a)

T1,2k = q1/12
∞∏
r=1

(1− q2r)
∑

2`+4m+6n=2k

β`,m,nE
`
1,2E

m
1,4E

n
1,6. (3.1b)

These follow from a straight forward inductive argument using (2.5) and (2.9),
as well as the infinite product representations

S1,1 = q1/4
∞∏
r=1

(1− q2r)3 and T1,0 = q1/12
∞∏
r=1

(1− q2r). (3.2)
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Now the quintuple product identity gives us the following infinite product rep-
resentations.

T2,1 = q1/12
∞∏
r=1

(1− q2r)5

(1− q4r)2
, (3.3a)

T3,1 = 2q1/3
∞∏
r=1

(1− q4r)2(1− qr)2

(1− q2r)
, (3.3b)

T4,1 = 2q1/3
∞∏
r=1

(1− q2r)5

(1− qr)2
. (3.3c)

Identities (3.3a) and (3.3b) can be found in Ramanujan’s notebooks [1, p. 114].
Together with Theorem 1.1 and (2.9) we can obtain the following analogues of (3.1),
which appear to be new.

Corollary 3.1.

T2,2k+1 =

(
q1/12

∞∏
r=1

(1− q2r)5

(1− q4r)2

) ∑
2`+2m+4n=2k

δ2,`,m,nf
`
2E

m
2,2E

n
2,4, (3.4a)

T3,2k+1 =

(
q1/3

∞∏
r=1

(1− q4r)2(1− qr)2

(1− q2r)

) ∑
2`+2m+4n=2k

δ3,`,m,nf
`
3E

m
3,2E

n
3,4, (3.4b)

T4,2k+1 =

(
q1/3

∞∏
r=1

(1− q2r)5

(1− qr)2

) ∑
2`+2m+4n=2k

δ4,`,m,nf
`
4E

m
4,2E

n
4,4. (3.4c)

We can also obtain the companion identities involving Sj,k.

Corollary 3.2.

S2,2k =

(
q1/4

∞∏
r=1

(1− q4r)2

(1− q2r)

) ∑
2`+2m+4n=2k

γ2,`,m,nf
`
2E

m
2,2E

n
2,4, (3.5a)

S3,2k =

( ∞∏
r=1

(1− q2r)5

(1− q4r)2(1− qr)2

) ∑
2`+2m+4n=2k

γ3,`,m,nf
`
3E

m
3,2E

n
3,4, (3.5b)

S4,2k =

( ∞∏
r=1

(1− qr)2

(1− q2r)

) ∑
2`+2m+4n=2k

γ4,`,m,nf
`
4E

m
4,2E

n
4,4. (3.5c)

Identity (3.5a) was observed by Hahn [13] while (3.5b) and (3.5c) were recorded
by Huber [16].
Remark. Other analogues of identities (3.1) can be found in [6] where the infinite
products are replaced by certain lacunary powers of Dedekind’s eta function.

Our next application is to the Halphen system of differential equations

q
d
dq

(u1 + u2) = u1u2, (3.6a)

q
d
dq

(u2 + u3) = u2u3, (3.6b)

q
d
dq

(u3 + u1) = u3u1. (3.6c)
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G.H. Halphen [14, p. 330] demonstrated that a system of solutions is given by
E2,2, E3,2 and E4,2. It is easy to check that

E2,2(q) + E3,2(q) = E2,2(q
1
2 ) = P(q), (3.7a)

E2,4(q) + E3,4(q) = E2,4(q
1
2 ) = Q(q). (3.7b)

Differentiating equation (3.7a) with respect to q, we observe from identities (1.8b)
and (1.13b) that

q
dE2,2(q)

dq
+ q

dE3,2(q)
dq

=
P2(q)−Q(q)

4

=
1
2

(
E2

2,2(q)− E2,4(q)
2

+
E2

3,2(q)− E3,4(q)
2

)
+

1
2
E2,2(q)E3,2(q)

=
1
2

(
q

dE2,2(q)
dq

+ q
dE3,2(q)

dq

)
+

1
2
E2,2(q)E3,2(q). (3.8)

(3.6b) and (3.6c) can be done in a similar manner. For more information on equa-
tions (3.6), see [27, p. 57-76], [29], [11], [16] and [8].

Finally, J.W.L. Glaisher [10] defined seven divisor sums and listed various rela-
tions among them. These divisor sums can be written as the coefficients of Eisen-
stein series. For example, if we define

σs(n) =
∑
d|n

ds, (3.9a)

σ̃s(n) =
∑
d|n

(−1)d−1ds, (3.9b)

σ̂s(n) =
∑
d|n

(−1)
n
d−1ds, (3.9c)

for positive integers n and s, we can rewrite some of the previously defined Eisen-
stein series as

Q(x) = 1 + 240
∞∑
n=1

σ3(n)xn, (3.10a)

Q(x) = 1− 16
∞∑
n=1

σ̃3(n)xn, (3.10b)

E(x) = 1 + 24
∞∑
n=1

σ̂1(n)xn. (3.10c)

Thus whenever we have an identity or a differential equation involving Eisenstein
series, a corresponding identity involving these divisor sums can be written down.
Hahn [12] recently established several such convolution sum identities, one of which
is the following.

36
∑
m<n

σ̂1(n)σ̂1(n−m) =
{
−3σ̂1(n) + 3σ̃3(n), if n is odd,
−3σ̂1(n)− 5σ̃3(n) + 4σ̃3(n/2), if n is even.

(3.11)

Now as a corollary of identity (2.23) for j = 2, we have the following result.
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Corollary 3.3.

48
∑
m<n

σ̂1(n)σ̂1(n−m) = −4σ̂1(n) + 5σ3(n)− σ̃3(n).

Many analogous results, including those corresponding to Eisenstein series E3,2k

and E4,2k can be derived from the identities proved in this article.
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